[Mpeobpa3oBaHMe baknyHaa v popmyna cynepnosmumm aaa
cuHyc-l'opgoHa

ITpoBepka moaCcTaHOBOK IPUBOISIINX YpaBHEHHMS, TpeoOpa3oBanne bakiryHaa n popMyity Cyneprno3HIiy K
pauuoHansHOMY Buay. @opMyia Cynepno3UIMH 3alUChIBAECTCS B BUAE I (qm,,,, G+l Qp+ls qm+1,n+1) =0, rme
F — MHOrOWIEH, TMHEWHBII 10 Ka)KJOW NEPEMEHHOM, IOATOMY ATO YpaBHEHHE JIETKO pa3pelaeTcs

OTHOCHUTEJILHO JII000H U3 HHX.

Uyy =sinhu

2 . Uy, +U
, u,Hl,y—u,,,y:—smh%

aﬂ

n+l “Un

. . u,
Uy, =sinhu, .1, + U, =2a,sinh T

[TpeobpazoBanne bakmyHna:

In[1]:= u[n_] :=Un[X, Y]
ufn+1] -uln]
egx :=D[u[n+1] +u[n], X] -2a[n] Sinh[—]

2
ufn+1] +uln]
eqy :=D[u[n+1] -u[n], y] - Sinh[—]
a[n] 2
____ .Dleqx, y] - D[eqy, X]
Simplify | /. solve[ {eqx, eqy} =@, {D[u[n+1], x], D{u[n+1], y1}][11]
2
____ .Dleqx, y] +D[eqy, X]
Simplify| /. solve[ {eqx, ey} =@, {D[u[n], x], D[u[n], y]}][11]
2

outlal= -Sinh[Un[X, y]] + Uy Y [x, y]

1,1)[

outls]= ~Sinh[Upn[X, Y]] +Upn' X, y]

PaHI/IOHaJ'II/BI/IpyIOHIaH IIOACTaHOBKA:

infe]:= uf[n_] :=2Log[q,[X, Y]]
.. D[eqx, y] -D[eqy, Xx]
Slmpllfy[ /.Solve[{eqx, eqy} == 0,
2

{Dlan.a [% Y15 X1, DGnaa[X, ¥1, Y131 0215
Collect[%/Coefficient[%, D[qn[X, Y1, X, Y11, dn‘~~ [X, y], Factor]

. . D[eqx, y] +D[eqy, Xx]
Slmpllfy[ /.Solve[{eqx, eqy} == 0,
2
{Dlan[x, y1, X1, Dlan[x, y1, Y131 021 ];

Collect[%/Coefficient[%, D[Qn.1[X, ¥1, X, Y11, Gn.1‘~~ [X, y], Factor]

(-1+anlx, Y1) (1+anlx, ¥1) (1+anlx, ¥12) g @Y [x, y] g0 [X, y] -
Oout[8]= - - ‘*'qn( ’ )[X) y]
49, (%, Y] Gn (X, Y]
Out[10]=
(-1 +Qrn (% Y1) (14 Guan (X Y1) (24020 Y1) e @Y (%, y] a9 [x, y] 1)
- - + 01 7 [X5 Y]
4Q1+n[X) y] qlm[x) y]

OpeBaromias IeTovKa B palmoHaIbHOU GopMe:



2 | sine-Gordon superposition.nb

ni11=  qeqx = Collect [TrigExpand [eqx], q_‘-' [x, y], Factor]
qeqy = Collect[TrigExpand[eqy], q_-) [x, y], Factor]

Out[11]=

amn] (An[X, Y1 = Aun (X5 Y1) (An (X5 Y1 +Gun[X Y1) 20052 (%, y] 20205 [, y]
an [X5 Y] G1in [X, Y] a0yl el y]
Oout[12]=
(-1+40n (% Y] Qun[X5 Y1) (1+Qn[X, Y] Qren (X, Y1) 2060 @ [x, y] . 2G1.:0 %Y [%, Y]
a[n] gnlX, Y1 Gren (X, Y] an (X, Y] Qrn[X, Y]
BBoaum BTOpOil HHAEKC:
In[13]:=  neqx=qeqx /. dn_: qm,n
megx =qegx /. n->m/. qy = qn,n
neqy = qeqy /. qn_ > qm,n
meqy =qeqy /. n->m /. qn_ qm,n
Out[13]=
aln] (n,n[X Y1 = Amaen % Y1) (A X Y] + Qnzen X6 Y1) 2Gn,n P 16 Y] 20n,200 % [, Y]
Un,n [X5 Y] Gn,10n [X5 Y] ' Gn,n [X5 Y] ' Gn, 10 [X5 Y]
Out[14]=
alm] (Gn,n (% Y] - Gumn (X Y1) (Gun (% Y]+ Ginn X Y1) 2 Gn,n T (%, Y] . 2 91m,n 2 1%, Y]
Gn,n [X5 Y] Qrem,n [X5 Y] Gn,n [X5 Y] Qrom,n [X5 Y]
Out[15]=
(<14 Qu,n (% Y] Am,2en (X5 Y1) (1 +Gnn (X5 Y] Gn1en (X5 Y1) 2Gmn @Y (%, ¥] 20,200 [X, ]
a[n] dn,n[Xs Y1 An,1n [X5 Y] n,n [X5 Y] ' m, 100 [X5 Y]
Out[16]=
(-1 + An,n [X5 Y] Aram,n [X5 Y1) (14 Ann (X5 Y] Grempn X5 Y1) 20m,n @Y 16 Y] 29,0 @Y (X5 Y]
a[m] dn,n[Xs Y] Aaim,n [X5 Y] Qn,n [X5 Y] ' Qrm,n [X5 Y]

KomOunmpyem ypaBHEHUS, YTOOBI YHHUTOXKHUTH IIPOU3BOIHBIC, 3TO NAET opMyITy cyrepro3unuu. s
KpaTKocTH youpaem x, y. Gopmyiia cyneprno3unnu GpakTopusyercsi. 3HaMeHaTeNb oTOpacsiBaeM. B uncnurene
OJIMH MHOXHTENb HE 3aBUCUT OT MMapaMeTPOB U MOXKHO IPOBEPUTH, YTO €CIIN IPUPABHATH ero 0, To 310
ypaBHEeHHE He OyIeT COBMECTHO ¢ MU PEepeHINPOBAHUSIMH I10 X U TI0 ). [103TOMY 3TOT MHOKUTEIH MOYKHO
0TOpOCHTH. A BTOPOIf MHOKHUTENH NaéT ypaBHEHNE, COBMECTHOE ¢ TU(HEPESHIMPOBAHUSIMH — 3TO H €CTh
¢dopmyia cyneprniosuny. B pesynpTare moiydaeTcs ypaBHEHHE, IMHEHHOE O KaXKI0H U3 IepeMEeHHOMH

qm,ns Qm+1n> mn+1s Gm+1l,n+1-
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In[17]:= (negx /.m->m+1) - (megx /. n-n+1) - megx + neqgx
Factor(% /. dn__[X, Y1 Q|

F1 = Numerator [%] [1]
F2 = Numerator [%%] [2]

o aln] (An,n X5 Y1 = An,2:n [X5 Y1) (Am,n [X5 Y] + Am,1:n [X5 Y])
Am,n [X5 ¥ Gm,24n [X5 Y]
aim] (Gm,n[X5 Y1 = Quimn [X5 Y1) (Am,n[X5 Y] + Qrim,n [X5 Y])
Gm,n [X5 Y] Quem,n [X5 Y]
am] (qm,14n [X5 Y] = Auim,24n [X5 Y1) (Am,24n [X5 Y] + Arim,14n [X5 Y]) .
Am,1+n [ X5 Y] G1im,1:n[X5 Y]
aln] (Quem,n[Xs ¥] = Auem,24n [X5 Y1) (Quim,n [X5 Y] + Qem,24n [X5 Y1)
Q1em,n [ X5 Y] Arim,1:n [ X5 Y]
Out[18]=
(Am,1+n 91+m,n + Gm,n 914m,24n) (=A[M] Au,n Am,12+n + @[N] Am,n G1em,n = @[N] A, 140 A1em,14n + @[M] A1im,n A14m,14n)
Am,n Am,1+n 91+m,n Q1+m,14n
out[19]=
Gm,1+n d1+m,n + Am,n q1+m,1+n
out[20]=

-a[m] Om,n Am,1+n + @ [n] Am,n d1+m,n — @ [n] Om,1+n 91+m,1+n + @ [m] J1+m,n 91+m,1+n

HpOBCpI/IM COBMCCTHOCTD, z[plq)(bepeHquyﬂ B CUITY LCIIOYCK. I[J'IS[ 9TOr0 CHa4daJia BbIpa3suM NPOU3BOJHBIC:
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n211:=  {neqx, neqx /. m->m+ 1, meqx} =0;
solx = Solve[%, {D[Qm,n:1[Xs Y15 X1, D[An.1,n[X5 ¥15 X1 D[Gme1,nsa [X5 Y1, X131 010

{neqy, neqy /. m->m+ 1, meqy} == 0;
soly = Solve[%, {D[Gn,n.1[Xs Y15 Y15 D[Gniz,n[Xs ¥15 ¥15 DlGnez,nea[X5 Y1, y131101]

Oout[22]=
L0 aln] dmnlX, y12=aln] Gmam X Y12+ 2 G100 (X5 Y] dn,n % [X, ]
{qm,lm ’ [X) y] - - E)
2 n,n [X, Y]
L0 alm] Gn,n (X, Y12 -2alm) Qrm,n (X5 Y12+ 2 Granyn [X5 Y] Gnyn 2% 1%, Y]
qiem,n [X, y] =~ >
2 Gn,n[X, Y]
(1,0) !
Q1em,1+n [ X5 Y] ==
ZQm,n[X) y] q1+m,n[x) y]
(aln] dmn[Xs Y] Gremn (X5 Y1% = a[M] Gu,n (X5 Y12 Arem, 10 [X5 Y] + @[N] Gramyn [X5 Y12 Qemy1en [X5 Y] -
a[n] Gn,n %, Y] Gramen % Y17 = 2 A1im,0 [%0 Y] Grin, 100 6 Y] Qe ™% 16 ¥7) |
Out[24]=

1-QnnlX, Y12 An1en (X, Y12 =22[N] Gn,1:0 [X5 Y] An,n @ (X, y]

{qm,lm(e’l) [X, Y] =~ >
2a[n] qm,n[X, ¥yl

: 1~ Gn,n (X5 ¥]® Grem,n (X5 Y12 - 22[M] Quen,n [X5 Y] Gn,n @Y (X5 Y]
(X, ¥y] - - >
2a[m] gu,n[X, Y]

(0,1

q1+m,n

0,1
q1+m,1+n( ) [X, y] -

~((a[m] Qn,n[X, Y] +a[N] Qrm,2en (X, Y] = @[N] Anyn (X5 Y12 Aremyn (X5 Y12 Qram,10n (X5 Y] -
am] Qun (%> Y1 Qremyn (X5 Y12 Gaem1en [, Y12 =2a[m] @[N] Qronyn [X5 Y]

Grem, 1o [X5 Y] Amyn @M [, y1) /(2a[m] @[N] Gun[X, Y] Gran,n (X5 Y] >)}

Teneps npoauddepenimpyem nepsoiii MHOXHUTENb. Hyist He omydaercs

ini2sl=  fl=F1/.qn =qn[X, Y]
Factor[D[f1l, x] /. solx /. Solve[fl =0, qn.1,n.1[X, Y]1101]]

Factor[D[f1l, y] /. soly /. Solve[fl =20, Qu.1,n:1[X, Y11 I111]

Out[25]=
Om,1+n [X, y] q14m,n [X, y] + Am,n [X, y] q14m,14n [x, y]
Out[26]=
1
qm,n[x) y]
(alm] Gn,n (X5 Y12 Gn,1n [X5 Y] +3[N] Gnyn[X5 Y12 Qe [X5 Y] = A[N] Anyzen (X5 Y12 A [X5 Y] -
a[m] Gn1on (X5 Y] Qromn (X5 Y12+ 4 Qn, 100 [X5 Y] aemyn [X5 Y] Qun 0 1%, y])

Oout[27]=

(-1+ Om,1+n [X, Y] J1+m,n [X, y]) (1+ Om,1+n [X, Y] J1+m,n [X, ¥]) (qm,n [X, Y] 2, J1+m,n [X, y]2>

2a[n] qn,n[X5 Y] Quim,n[X, Y]

A co BTOPBIM MHOXKUTCIIEM — BCC B IIOPSJKC. On JAa€T YPABHCHUC COBMECTHOC C LCIIOYKAMMU.
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ni2gl=  f2=F2/.qn_ = dn[X, Y]
Factor[D[f2, x] /. solx /. Solve[f2 =20, Qm.1,n:1 [X, Y]] I111]
Factor[D[f2, y] /. soly /. Solve[f2 =0, qn.1,n.1[X, Y]1101]]
out[28]=
—a[m] Am,n[X5 Y] Om,24n[X5 Y] + @[N] Au,n [X5 Y] Q1em,n [X5 Y] -
a[n] Am,1:n [X5 Y] Quim,14n [X5 Y] +@[M] Quim,n [X5 Y] Gaim,14n [X5 Y]
out[29]=
0
out[30]=
0
Uyy =Sinu
. s Up1—Un 2 i U tlUn
Uy =SINU, Uiy + Uy, =2a,sin T Unsly ~Upy = — SIn T
[IpeobpazoBanme bakmynna:
n[31l:= ufn_] :=Up[X, Y]
ufn+1] -uln]
egx :=D[u[n+1] +u[n], X] -2a[n] Sin[—]
2
2 . ruln+1] +u[n]
eqy :=D[u[n+1] -u[n], y] - Sln[ ]
a[n] 2
... Dleax, y] - D[eqy, x]
Slmpllfy[ N /.Solve[{eqx, eqy} ==9, {D[u[n+1], x], D[u[n+1], y]}][[1]]]
. D[eqx, y] +D[eqy, Xx]
Simplify | - /. Solve[ {eqx, ey} =@, {D[u[n], x], D[u[n], y]}][11]
out[34]=
-Sin Uy [x, y11 + Uy &Y [x, Y]
out[35]=

=Sin[Upn (X, y11 + U Y (X, y]

PaHI/IOHaJ'II/BI/IpyIOHIaH IIOoACTaHOBKA:
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n[3el:=  ufn_] :=4ArcTan[q,[X, Y]]
. ... rD[eax, y] - D[eqy, x]
Slmpllfy[ /.Solve[{eqx, eqy} == 0,
2

{Dlana [% Y15 X1, Ddn1 [X, ¥1, Y131 0215
Collect[%/Coefficient[%, D[dn[X, Y1, X, ¥11, an ) [%, V1, Factor]

. . D[eqx, y] +D[eqy, Xx]
Slmpllfy[ /.Solve[{eqx, eqy} == 0,
2
{Dlan[x, y1, X1, Dlan X, y1, Y131 0215

Collect[%/Coefficient[%, D[dn.1[X, Y1, X, Y11, Gns ) X5 V1, Factor]

Out[38]=
(-1+an[% Y1) Gal%, Y] (1+anlx, Y1) 2an[%, Y1 00 @Y [x, ¥1 20 5? [x, y] o 1|
- + qn 2
1+0nlx, y1? 1+dnlx, y1?

X, Y]

Out[40]=
(=1 +d1n[X5 Y1) Auen [X5 Y] (1 +Qrin [X5 Y])

1+ Quin[X, y]2
2010 (% Y] Guan @Y (X, y] Q10 (%, Y] .

+q1+n( v [x, y]

1+ Q1 lX, y]z

OpeBaromas IeTovKa B palmoHaIbHOU GopMe:

nl41=  qeqx = Collect [TrigExpand [eqx], q_ ‘- [x, y], Factor]
qeqy = Collect[TrigExpand[eqy], q_ - [x, y], Factor]

Out[41]=
4aln] (% ¥] - Gua (% ¥]) (14 (X% y] unlx, ¥1) 44, [x, y] . 4010 % [x, y]
(1+anlx, ¥1%) (1+d1n[x, y1?) 1+0n(x, ¥y1*  1+0qun[x, y]°
Out[42]=
4(An[%, Y] +Qrn (X5 Y1) (<1400 (%, Y] Qra (X, Y1) 40, %Y [x, y] . 401.0, @Y [x, y]
aln] (1+an(x ¥y1%) (1+dunlx, y1?) 1+anlX, ¥1° 1+ QualX, yl°

BBoaum BTOpOIl HHAEKC:



sine-Gordon superposition.nb | 7

In[43]:=  neqx =qeqx /. dn_: qm,n

megqx =qeqx /. n-»>m/. qy = qn,n

neqy = qeqy /. qn_:>Gn,n
meqy = qeqy /. N =M /. Qn_:> Gn,n

Out[43]=
4a[n] (Gu,n[X> Y] = Gm1en (X5 ¥1) (1 4+ Gnn (X5 Y] Any1en (X5 Y1) 40, (X, Y1 4Gn,100 52 [X, Y]
+ +
(1 + Om,n [ X, y]2> (1+qm,1+n[x) y]2> 1+qm,n[x) y]z 1+qm,1+n[x) y]z
Out[44]=
4daim] (Annl(X> Y] = Qremyn (X5 Y1) (14 Gnn (X5 Y] Qremn (X5 Y1) 40n,n ™2 (%, ¥ 4d1mn % (X, Y]
+ +
(1 + Om,n [ X, y]2> (1+q1+m,n[x) y]2> 1+qm,n[x) y]z 1+q1+m,n[x) y]z
Out[45]=
4 (Quyn [X5 Y] +Gnyan [X5 Y1) (<14 Gnn (X5 Y] Gmaen (X5 Y1) 4ann @V (%, ] 40Gm10 @Y [, y]
- +
a[n] (1+qmn(Xx ¥1?) (1+dmaen (X5 ¥1°) 1+Gnnl[X, Y1 1+0n1m(X ¥1?
Out[46]=
4 (Gn,n [X5 Y] + Qramyn (X5 Y1) (=14 Gnn (X5 Y] Gremyn (X5 Y1) 4an,n @V (X, y] 4 0mn @Y (X, y]
- +
a[m] (1+qm,n[x) y]2> (1+q1+m,n[x) y]2> 1+qm,n[x) y]z 1+q1+m,n[x) y]z

KomOunmpyem ypaBHEHUS, YTOOBI YHHUTOXKHUTH IIPOU3BOIHBIC, 3TO AT hopMyITy cyrepro3unuu. s
KpaTKocTH youpaem x, y. Gopmyiia cyneprno3unnu GpakTopusyercs. 3HaMeHaTeb oTOpacsiBaeM. B ancnurene
OJIMH MHOXHTENb HE 3aBUCUT OT MMapaMeTPOB U MOXKHO IPOBEPUTH, YTO €CIIN IPUPABHATH ero 0, To 310
ypaBHEeHHE He OyIeT COBMECTHO ¢ MU PEepeHINPOBAHMUSIMH I10 X U 10 ). [103TOMY 3TOT MHOKHUTENH MOYKHO
0TOpOCHTH. A BTOPOI MHOKHUTENH NaéT ypaBHEHNE, COBMECTHOE ¢ TU(HEPECHIMPOBAHUSIMH — 3TO H €CTh
¢dopmyia cyneprnosunny. B pesynpTare moiydaeTcs ypaBHEHHE, IMHEHHOE 0 KaXKA0H U3 IepeMEeHHOM

9mpns Qm+1ns Gmn+ls Gm+1,n+1-
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In[47]:= (negx /.m->m+1) - (megx /. n-n+1) - megx + neqgx
Factor(%/4 /. qn__[X, Y1+ Qn|

F1 = Numerator [%] [2]
F2 = Numerator [%%] [1]

Out[47]=
4aln] (Am,n [X5 Y] = Om,24n [X5 Y]) (1 +0m,n [ X5 Y] Am,14n[X5 Y1)
(1 + Om,n [X, y]2> (1 + Qm,1+n [X, y]2>
4alm] (qm,n[x) vl _q1+m,n[x) yl]) (1 +qm,n[x) vl q1+m,n[x) yl)
(1 + Om,n [X, y]2> (1 + Q1im,n [X, y]2>
4a[m] (qm,1+n[x) y] _q1+m,1+n[x) y]) (1+qm,1+n[x) y] q1+m,1+n[x) y])
+
(1 + Qm,1+n [X, y]2> (1 + d1im,1+n [X, Y] 2)
4aln] (q1+m,n[x) vl _q1+m,1+n[x) yl) (1+q1+m,n[x) vl q1+m,1+n[x) yl)
(1 + J1im,n [X, y]2> (1 + d1im,1+n [X, Y] 2)
Out[48]=
((-af[m] Om,n + A [n] Om,n — @ [m] Om,1+n — @ [n] Om,1+n + @ [m] Jiim,n + a [n] J1+m,n —
a[m] Gm,n Am,1+n Q1+m,n + @ [n] Gm,n Am,1+n Q14m,n + @ [m] J14m,1+n — @ [n] J1+m,1+n —
am] Gm,n Am,1+n 914m,14n — @ [n] Am,n Am,1+n 91+m,14n + 3 [m] Am,n d1+m,n 91+m,14n +
a [n] C|m,n C|1+m,n C|1+m,1+n +a [m] C|m,1m C|1+m,n C|1+m,1+n -a [n] C|m,1m C|1+m,n C|1+m,1+n)
(1+ Am,n Am,2+n * 9m,n 92+m,n = Am,24n 924m,n = Am,n A1em,24n + Am,24n 914m,24n + Q1im,n Q1em,24n +
Am,n Am,1+n 91+m,n q1+m,1+n> ) / ( (1 + qrzn,n> (1 + qrzn,hn) (1 + qi+m,n> (1 + qi+m,1+n> )
Out[49]=
1+ Gm,n Am,1+n + 9m,n 914m,n = Am,24n A14m,n = Am,n 91em,24n * Am,14n 914m,24n + A14m,n A14m,24n + Am,n Am,24n 91em,n 91em,14n
Out[50]=

-a[m] Gm,n + a[n] Gm,n — @ [m] Om,1+n — @ [n] Om,1+n + @ [m] Ji4m,n + 3@ [n] J1im,n — A [m] Om,n 9m,1+n 91+m,n +
a[n] Om,n Am,1+n 91+m,n + @ [m] J1+m,1+n — @ [n] J1+m,1+n — @ [m] Am,n Am,1+n Q1+m,14n — @ [n] Am,n Am,1+n Q1+m,14n +

a[m] Om,n 91+m,n 91+m,1+n + @ [n] Om,n 91+m,n 91+m,1+n + @ [m] Om,1+n 91+m,n 914m,1+n — @ [n] Om,1+n 91+m,n 91+m,1+n

HpOBCpI/IM COBMCCTHOCTD, nn(b(bepeHquyﬂ B CUITY LCIIOYCK. I[J'IS[ 9TOr0 CHa4daJia BbIpa3uM NPOU3BOJHBIC:
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In[51:=  {neqx, negx /. m->m+ 1, meqx} ==
solx = Solve[%, {D[Qm,n:1[Xs Y15 X1, D[An.1,n[X5 ¥15 X1 D[Gme1,nsa [X5 Y1, X131 010

{neqy, neqy /. m->m+ 1, meqy} ==
soly = Solve[%, {D[Gn,n.1[Xs Y15 Y15 D[Gniz,n[Xs ¥15 ¥15 DlGnez,nea[X5 Y1, y131101]
out[52]=
1

[X, y] %_—2 (a[n] qm,n[x) yl -a[n] qm,1+n[x) yl +a[n] qm,n[x) y]zqm,lm[x) yl -
1+qm,n[x) y]

a[n] qm,n[x) vl qm,1+n[x) y]z + Qm,n

1
[X, Y] %_—2 (a[m] qm,n[x) y] -a[m] q1+m,n[x) yl +a[m] qm,n[x) y]2q1+m,n[x) yl -
1+qm,n[x) y]

a[m] Gu,n (X5 Y1 Gramn (X5 Y12+ Ann ™% 1% Y] + Aremyn (X5 Y12 Qnn @ 1% Y1) 5 Quom,10n

~((-alm] amn (X, Y] +a[m] duun,n[X5 Y] +3[N] Qram,n (X, Y] = a@[M] o (X, Y12 Qromyn [X5 Y] +

a[n] dmn (% Y12 Qremyn (X5 Y1 +a(M] Gn,n (X5 Y] Gremn (X Y12 - a[N] Qram,20n [X5 Y] -

a[n] dmn (% Y12 Qrem1en (X5 Y] +@[N] Qremyn [X5 Y12 Qremy1en [X5 Y] + @[N] Quyn (X5 Y12 Gramyn [X5 Y12

Qrem,1on (X5 Y] = @[M] Guyn [X5 Y] Qremy2en (X5 Y12+ @[N] Gramyn [X5 Y] Grom,1en (X5 Y12 -

a[n] 9amn (X5 Y] Qremy1en [X5 Y12 = a[m] Gn,n (X5 Y12 Qrempn (X5 Y] Grem,10n [X5 Y17 -

a(n] Qun (% Y12 Aramn (X5 Y] Gremy2en [X5 Y12+ @[M] Gnn (X5 Y] Gramyn (X5 Y12 Qom0 (X5 Y12 -

An,n % 1% YT = remyn X5 Y12 Anyn &2 1% Y] = Qrem,1on (%5 Y12 Anyn &2 (X, v -

Q1em,n [ X, y]2q1+m,1+n[x) y]qu,n(l,e) [X, y])/((l + Om,n [ X, y]2> (1+q1+m,n[x) y]2>>>}

1,0
{qm,hn( )

(1,0) (1,0)

[X, Y] +qm,1+n[x) y]zqm,n [X, y]))

1,0
q1+m,n< )

(1,0) (1,0) (1,0)

(X, y] =

Out[54]=
1 2
[X, Y] =~ (_qm,n[x) vl _qm,1+n[x) yl] +qm,n[x) yl qm,1+n[x) yl +
a[n] (1+amnlx, y1?)

(6,1)

{qm,lm

(0,1) [ (0,1)

Gn,n [X5> Y] Gn,10n [X5 Y12 - a[N] Gn,n X, y] = a(n] na.n (X Y12 ann @Y (%, y1),

1

) [X, Y] =~ > (_qm,n[x) A _q1+m,n[x) vl +qm,n[x) y]2q1+m,n[x) yl +
a(m] (1+qmnlx, y1?)

(8,1)

(0,1

q1+m,n

Gn,n [X5 Y] Quom,n [X5 y]z— a[m] du,n @ [x, y] -a(m] rnn (X Y17 dnn @M (%, ¥1),

Grem,1en O > - ((-aln] Qu,n[X; Y] —a[m] Qrim,n[Xs Y] - a[N] Grum,n[X5 Y] -
] Gn,n (X, y]zqhm (X, Y] +2a[n] Gnnl(X Y12 Qremyn (X5 Y] +2[0] Guyn (X5 Y] Gremn [X5 Y17 -
] Grem,1en (X5 Y] = @[M] Gnyn (X5 Y12 Qremy 100 [X5 Y] +@[M] Qramyn [X5 Y12 Qrem,10n [X5 Y] +
1 Gmn [ Y12 Gaemyn (X5 Y12 Gaem,20n [X5 Y] = @[N] Gnyn (X5 Y] Qom0 (X5 Y12+
] Grem,n [X5 Y] Qremy2en [X5 Y12 = @[N] Gramyn [X5 Y] Grem,10n [X5 Y12 +
] Gmyn (%5 Y12 Qremyn (X5 Y] Qom0 [X5 Y12+ @[N] Gnyn (X5 Y12 Gremyn [X5 Y] Grem, 100 (X5 Y12
] Gnyn (%5 Y] Gzemyn [X5 Y12 Qom0 [X5 Y12 = a(m] - a[n] dn,n' @Y (%, y] -
] -aln] Gumn (X5 Y12 an,n @Y (%, y] -a[m] -a[n] duma.n (X, Y12 Gu,n @Y
] -ain] Quemn (X5 Y12 Qram,1en [ Y12 Qu,n @Y (%, ¥1) /

(atm) an] (1+Qnalx y1%) (1+Gumnlx ¥17))) |

al (X, y] -
al

Teneps npoauddepenimpyem nepsoiii MHOXHUTENb. Hyist He omydaercs
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inssl= fl=F1/.qn = dn[X, Y]
Factor[D[f1l, x] /. solx /. Solve[fl =0, Qm.1,n:1 [X, Y]] I111]

Factor[D[f1l, y] /. soly /. Solve[fl =20, Qm.1,n:1[X, Y11 I111]

out[55]=
1+ Gm,n[Xs ¥] Om,24n [X5 Y] +Am,n[X5 Y] Quem,n [X5 Y] -
Am,1+n [ X5 Y] Auemn (X5 Y] = Am,n [ X5 Y] Gem,24n [ X5 Y] + Amy2en [X5 Y] Qrim,10n [X5 Y] +
Qrem,n [ X5 Y] Qrem,26n [X5 Y] + Amyn [X5 Y] Gmy14n [X5 Y] Qaim,n [X5 Y] Q1im, 100 [X5 Y]

Out[56]=

Gn,n [X5 Y12 Gny1en [X5 Y] +@[M] Quyn (X5 Y] Gmyaen (X5 Y12 = @[N] Gnyn (X5 Y] Gmyaen [X5 Y17 -

Gremn (X5 Y] +@[M] Gnyn (X5 Y12 Qremn (X5 Y] = @[M] Gny1en [X5 Y12 Qemyn [X5 Y] +

Gn,n [X5 Y12 Gn,1en [X5 Y12 Gaemyn (X5 Y] = @[M] G n [X, Y] Quamyn [X5 Y12+

nl Qrmyn (X Y12 = @[N] Quy1en (X5 Y] Gremyn [X5 Y12 +

ol 2 G100 [X5 Y] Gaemyn [X5 Y12 =@M Gnn (X5 Y] Gny1en (X5 Y12 Gramyn [X5 Y17 -

G, [ On, 10 (X5 Y17 Gremyn (%5 Y12+ 20nn &2 (%, ¥] + 20n,10 (%5 Y17 ann % (%, y] +
2 Gramn (%5 Y12 Ann % (%, ¥+ 20n, 100 (X5 Y12 Qramn [X5 Y12 ann @0 (%, 1)) /

(~Gun (X5 Y]+ Qu,10 (X5 Y] + Gaemn (X5 Y] + Guyn (X5 Y] Gny1in [X5 Y] Qremyn [X5 Y1)

X)

Am,n [X5 Y]
qm X) y]
al X5 Y]

Oout[57]=
(2 (Am,1+n [ X5 Y] + Q1em,n [X5 Y]) (1+qm,n[x) Y] = Qrimn [ X5 Y] + Am,n [X5 Y] Q1em,n[X5 Y1)
(1_qm,n[x) vl +q1+m,n[x) vl +qm,n[x) vl q1+m,n[x) yl) (_1+qm,1+n[x) vl q1+m,n[x) vl ))/(a[n]
(~Gm,n [X5 Y]+ Gm,1n [X5 Y] + Gaamyn [X5 Y] + Gnon (X5 Y] Gny2en [X5 Y] Qremn (X5 Y1) (14 Qremyn (X5 ¥1°))

A co BTOPBIM MHOXKUTCIICM — BCC B TTOPSJKC. On JAa€T YPABHCHUC COBMECTHOC C LICIIOYKAMMU.

insel=  f2=F2/.qn_ = dn[X, Y]
Factor[D[f2, x] /. solx /. Solve[f2 =0, qn.1,n.1[X, Y]1101]]
Factor[D[f2, y] /. soly /. Solve[f2 =20, Qu.1,n:1 [X, Y]] I111]

out[58]=

-a[m] qm,n[X, Y] +a[n] qu,n[X, Y] —a@[M] Qn,1.n[X5 Y] @[N] Q1.0 [X, Y] +

a[m] Quim,n [X5 Y] +@[N] Qrm,n[X, Y] —@[M] Gn,n [X5 Y] Am,20n [X5 Y] Grem,n [X5 Y] +

a[n] Amn (X, Y1 Qm,14n [X5 Y] Quim,n [X5 Y] +@[M] Qrim,14n [X5 Y] - @[N] Qrim,24n [X5 Y] -

afm] Qm,n [X5 Y1 Qm,14n [X5 Y] Quim,14n [X5 Y] —@0N] Qu,n [X5 Y] Qn,24n [X5 Y] Qaem,2en [X5 Y] +

a[m] Qm,n [X5 ¥1 Quem,n [X5 Y] Quim,14n [X5 Y] +@0N] Qo,n [X5 Y] Quem,n [X5 Y] Qem,2en [X5 Y] +

a[m] Qm,1:n [X5 Y] Quem,n [X5 Y] Qrem,20n [X5 Y] = @[N] Am,24n [X5 Y] Arim,n [X5 Y] Gaim,14n [X5 Y]
out[59]=

0
out[60]=

0

infe1l:=  Collect[-F2, {Qm,n» 9m:1,n+1}, Factor]

Out[61]=
(a[m] +a[n]) (Am,1+n = 91+m,n) - (@[m] —a[n]) (1+ Am,1+n 91+m,n) 91em,1n +
Am,n ((a[m] —a[n]) (1+ Om,1+n q1+m,n> +(a[m] +a[n]) (qm,1+n - q1+m,n> q1+m,1+n>



